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ABSTRACT 

We present an example of a one-stage three-player game of incomplete 
information played on a sequence space {0, 1} z such that the players' lo- 
cally finite beliefs are conditional probabilities of the canonical Bernoulli 
distribution on {0, 1} z, each player has only two moves, the payoff matrix 
is determined by the 0-coordinate and all three players know that part 
of the payoff matrix pertaining to their own payoffs. For this example 
there are many equilibria (assuming the axiom of choice) but none that 
involve measurable selections of behavior by the players. By measurable 
we mean with respect to the completion of the canonical probability mea- 
sure, e.g., all subsets of outer measure zero are measurable. This example 
demonstrates that the existence of equilibria is also a philosophical issue. 

1. I n t r o d u c t i o n  

A n  e q u i l i b r i u m  of a g a m e  is a set  of  s t ra teg ies ,  one  for each  player ,  such t h a t  no 

p layer  does  b e t t e r  by choos ing  a d i f ferent  s t r a t egy ,  g iven  t h a t  t he  o t h e r  p layers  

do uo t  change  the i r  s t ra teg ies .  In  a g a m e  of  i n c o m p l e t e  i n f o r m a t i o n ,  w h a t  does  
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it mean to do no better by choosing a different strategy? Should one evaluate 

a player's actions according to the subjective and local beliefs of that player, or 

should one evaluate according to a probability distribution determined objectively 

by the game? 

When the subjective beliefs of the players are conditionals of a common prior, 

a central question is whether there is a difference between the equilibria defined 

according to the subjective local beliefs and the equilibria defined according to 

a global functional evaluation. The former we call Ba y e s i a n  equilibria and the 

latter we call H a r s a n y i  equilibria. Harsanyi [4] showed that these equilibria are 

equivalent when the set of all possible situations in the game is finite. Is there 

such an equivalence when the possible situations of the game are infinitely many? 

In this paper we look at games that satisfy the following conditions: 

(1) there is one stage of play with moves chosen simultaneously, 

(2) there are finitely many players, 

(3) each player has finitely many moves, 

(4) there is a compact Polish space ft with an atomless Borel probability dis- 

tribution # representing a choice by nature, 

(5) for every combination of moves, one for each player, the payoff to each 

player is a continuous function from ft to R, 

(6) at every point x E ft every player j has a discrete probability distribution 

on ft, called his belief,  with a finite support set SJ (x) containing x such that 

at all the other points in this finite support set SJ(x)  the player j has the same 

discrete distribution, 

(7) these discrete beliefs of the players change continuously (with respect to the 

weak* topology), and for any player j it forms a regular conditional probability of 

# with respect to the sigma algebra ~-J := {B I B is Borel and x E B *4, sJ (x )  C_ 

B}~ and 

(8) if B is a Borel set with B C $-J for all players j then #(B) is equal to 

either zero or one. (A r egu l a r  conditional probability is a family of conditional 

probabilities, one for each Borel subset to be evaluated, however perceived also 

as a measurable function from the space f~ in question to the space of probability 

distributions on ft.) Such games we call e rgod ic  games. 

A strategy for a player in an ergodic game is a function from ~ to the proba- 

bility simplex of his moves that is constant within every finite support set that 

he could believe to be possible. We call a function on ft m e a s u r a b l e  when it is 

measurable with respect to the completion of #, meaning that all sets of outer 

measure zero are measurable. 
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We give an example of a three-player ergodic game that  has no Bayesian equi- 

librium in measurable strategies (meaning also no Harsanyi equilibrium), yet it 

has many Bayesian equilibria that  are not measurable. This example has the 

additional property that  each player knows that  part  of the payoff matr ix  that  

pertains to his own payoff. 

In the context of most multi-agent epistemie logics, a s tatement concerning 

the knowledge or belief of a player will correspond to a measurable subset of our 

sequence space. When applicable, the lack of a measurable equilibrium implies 

the impossibility for the behavior of the players in equilibrium to be determined 

by syntactic formulations of knowledge or belief. 

The Cantor set is usually represented as a measure zero subset of the real 

numbers, obtained by removing central intervals of one-third length. However, 

one could also build the Cantor set as a subset with positive Lebesgue measure, 

by removing intervals of rapidly decreasing lengths. If, on every level of the 

construct.ion, the size of every interval were the same then the canonical Bernoulli 

probability distribution on this Cantor set would be absolutely continuous with 

respect to the Lebesgue measure. Non-measurable subsets with respect to the 

Bernoulli distribution would be also non-measurable with respect to the Lebesgue 

measure. Because the existence of subsets of the real numbers that  are not 

Lebesgue measurable can be denied by rejecting the axiom of choice [12], the 

existence of Bayesian equilibria for our game could be considered a philosophical 

question. 

A zero-sum game is a two-person game such that  for all possible situations 

and all combinations of moves, one for both  players, the payoff for one player is 

the negation of the payoff for the other player. A zero-sum game is defined to 

have a value r E R (as a payoff for the first player) when for every positive e the 

first, player has a strategy such that  no mat te r  what the second player does it 

guarantees to him an expected payoff of at least r - e, and vice versa, the second 

player has a strategy such that  no mat ter  what the first player does the payoff to 

the first player is held down to r + • or less. Furthermore, if the zero-sum game 

has a value then a strategy of a player is o p t i m a l  if it obtains for the player at 

least the value of the game no mat ter  what his opponent does (meaning for the 

second player that  the payoff to the first player is no more than the value of the 

game). 

The problem with these definitions of value and optimality is how to define 

the expected payoff of an ergodic game. If the strategies are measurable, then 

a payoff can be defined as an expectation over the probability space. But if 
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strategies are not measurable, meaning that  the evaluations of the players are 

strictly local in character, how should we define the expected payoff? 

If the players are restricted to measurable strategies then zero-sum ergodic 

games have values from optimal (measurable) strategies [6], though this will not 

be understandable from the exposition of this paper. The proof of the above 

follows Sion's Theorem [11], see also [9]. The general approach to establishing 

the existence of equilibria in non-zero-sum games is a fixed point argument in- 

volving compact strategy spaces and payoff functions continuous with respect to 

the product topology on these strategy spaces. To compactify the spaces of mea- 

surable strategies we can use the weak* topology; however, the weak* topology 

delivers only continuity with respect to changes in the behavior of one player. 

This partial continuity is sufficient for applying Sion's Theorem however insuffi- 

cient in general for non-zero-sum games (as demonstrated by our example). 

One approach to obtain positive results for non-zero-sum games has been to 

require from the game's information structure conditions implying that the pay- 

off functions must be continuous with respect to the weak* topology. The first 

major result in this direction is by Milgrom and Weber [7]. One can perceive the 

probability space ~ as a subset of the product of spaces f~i, one for each player 

i C I and an additional ~20 to represent the choices of nature, such that  Player i 

has identical beliefs at any pair of points in f~ if and only if they project to the 

same point of fti. The probability distribution on ft induces marginal probability 

distributions on the Qi. If the probability distribution on ft is absolutely contin- 

uous with respect to the product measure induced by the marginals on fti then 

Milgrom and Weber showed that there are equilibria in measurable strategies. 

While the absolutely continuous condition may appear at first to be natural, 

further reflection shows that it is highly restrictive. For example, any game for 

which there are two players with identical information violates this condition 

(which happens with our example). 

The basic ideas in this paper belong to ergodic theory. One chooses a sequence 

space that allows for finitely many measure preserving involutions ai whose orbits 

are ahnost everywhere dense in the space. (~i o ai is the identity, and for almost 

every x the subset of all the (ri 1 o ai2 o . . .  o ain (x) is dense in the space.) To 

each player is associated a finite subset of involutions that commute with each 

other, and for every point x, this player believes that only the points in the finite 

orbit of his commuting involutions are possible. The entries in the payoff matrix 

are determined by the topological position in the sequence space, in particular, 

by some coordinate position. The conditions defining Bayesian equilibria pertain 
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to the orbits of the involutions o-i, and these orbits do not construct the space 

in a measurable way. However, the relationship between fixed point theory and 

ergodic theory in zero-sum ergodic games remains a mystery to us. 

In the next section we define Bayesian and Harsanyi equilibria, prove that  

the countability of a belief structure implies the existence of Bayesian equilibria 

regardless of whether there exists a common prior, and we show that  a Harsanyi 

equilibrium for an ergodic game generates a measurable Bayesian equilibrium for 

that  game. In the third and last section we present the example of an ergodie 

game without measurable Bayesian equilibria. 

2. Bayesian and Harsanyi equilibria 

A(A) will stand for the set of regular Borel probability distributions of A, where 

A is a topological space (and if A is finite then we give A the discrete topology 

and A(A) is a simplex embedded in an Euclidean space). By the weak* topology 

on A(A) for a Polish space A we mean the weakest topology such that  for every 

bounded continuous function f :  ,4 -4 R the mapping from A(A) to R defined by 

the integration of f is also a continuous function. The origin of "'weak*" comes 

from functional analysis: the same topology is called simply the weak topology 

by many working with probability theory. 

Given a topological space f/, a probability distribution p. C A(f/) and a Borel 

field ~;, a function f :  [] -4 A(t2) is a regular conditional probability for p and 

{j when for every fixed Borel set A the function f ( . ) (A) --+ [0, 1] is measurable 

and for every pair B E G and Borel A we have fB f (z) (A)dp(z)  = #(A M B) [2]. 

If f~ is a Polish space then always one can construct such a regular conditional 

probability ([3], Theorem 10.2.2). 

The distance in an Euclidean space, including inside a simplex embedded in 

an Euclidean space, will be the Euclidean distance. 

Throughout this paper we will assume the axiom of choice. 

Sometimes a player will be referred to as he and sometimes as she. 

2.1 )vlERTENS--ZAMIR SPACES. Ergodic games are a special case of games played 

on probability spaces that  satisfy the Mertens-Zamir  definition for a be l i e f  

space. 
A Mertens-Zamir  belief space [5] is a tuple (S, X, ¢,, N, (ta I j E N)),  where X 

is a compact parameter  set, S is a compact set, ~, is a continuous nmp from S 

to X, N is a finite set of players, for every j C N tJ: S -4 A(S)  is a continuous 

function (with respect to the weak* topology), and for every player j and every 

pair of points s, s '  c S if s '  c support(tJ(s))  then tJ(s) = tJ(s'). 
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Define a cell of a Mertens-Zamir  belief space to be a minimal set C with the 

property that  at every point y in C every player's support  set for the point y is 

contained in C (without the requirement that  C must be compact).  

Of special interest is the definition of mutual consistency for Mertens-Zamir  

belief spaces. For every player j E N define T j to be the smallest Borel field of 

subsets of S such that  the function t j is measurable. A probability distribution 

it on S is defined to be c o n s i s t e n t  if for every Borel subset A C S we have 

that  it(A) = f tJ(y)(A)dit(y). Mertens and Zamir [5] showed that  consistency 

is equivalent to the stronger statement that  for every B E T j and Borel subset 

A C_ S we have i t (AnB)  = fB tJ(y)(A)dit(Y)" We prefer to use the Borel field 5 cj 

defined by ~'J := {B I B is Borel and x C B 4,  support(tJ(x))  C_ B}, the largest 

Borel field on which a Borel measurable strategy for Player j can be defined. 

For Mertens-Zamir  belief spaces it is easy to construct games that  are played 

on the space S. Let .~: S --4 X be the continuous function, N the finite player 

set, and for each j E N tJ: S --+ A(S) the subjective beliefs of Player j .  For 

each player j ,  there is a finite action set AJ with nJ := IAJl. X corresponds to 

a compact subset of n 1 x . . .  × n INI matrices (Qxl x c X); every entry of every 

matr ix  is a vector payoff for the players in R N. Nature chooses a point in S 

according to the common prior it, which means also that  a parameter  in X is 

chosen through the function ~. The players choose moves in their respective AJ 
independently, and after the choices are made the payoff to the players is the 

vector entry in Qx corresponding to nature 's  choice of the parameter  in X and 

the moves of the players. A Bayesian equilibrium for a point z in the belief space 

is an ]N]-set of functions (fJl J E N), each fJ  from the cell that  contains z to 

A(AJ), the simplex of mixed strategies, with the following properties for every 

player j E N 

(1) fJ  is constant within all support sets of Player j ,  

(2) for all j~ ~ j within the support set of tJ' (z) the function fJ is measurable 
j '  

with respect to the completion of the probability distribution t (z), and 

(3) within the support  set oftJ(z) Player j can do no better  than i f (z)  G A(A j) 

in response to the other fimctions f / ,  j~ ~ j, as evaluated by tJ (z). 

When the INI-set of functions is a Bayesian equilibrimn for all points in a cell, 

then we call it a ce l lu la r  equilibrium. A Bayesian equilibrium for the whole 

space is a collection of ce l lu la r  equilibria, once for each cell. 

If, additionally, the Mertens-Zanfir belief space has a consistent common prior 

it, we define a Harsanyi equilibrium to be a set of functions 

(fJ: S ~ ~(AJ)I j C N), 
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each fJ m e a s u r a b l e  with respect to the Borel field S-J, such that  no player 

can at ta in a higher expected payoff as evaluated by # by choosing another such 

measurable function (given that  the strategies of the other players do not change). 

Notice that  ergodic games are special cases of games played on Mertens-Zamir  

spaces with consistent common priors. From now on we will use the terminology 

of Mertens-Zamir  spaces to describe an ergodic game, in particular the t j to 

represent the belief of Player j;  we will write support  (tJ(x)) instead of S j(x).  
We will adopt the term cell, though for our example a cell will be an orbit of a 

non-abelian group acting on the probability space. (A confusion with the orbits of 

a shift transformation T is avoided.) In an ergodic game, the local measurability 

condition (2) of a Bayesian equilibrium disappears, leaving Bayesian equilibria 

with no measurability conditions at all. 

2.2 LOCALLY FINITE GAMES. We define loca l ly  f in i te  games. Unlike ergodic 

games, there will be no ~ssumption of a common prior or a compact  space. 

Let S be a finite or countably infinite set. There is a finite or countably infinite 

collection f l  and a map u: f l  --+ 2 s such that  for every J E fl ,  u(J) is a subset 

of S, and for every s E S the point s is contained in u(J) for only finitely many 

members J of ,7. A member of ,17 is a player of our game. For every J E f l  there 

is a finite set A J of moves and a sigma-additive probability distribution pJ on 

the set v ( J )  such that  the support  of pJ is the set v(J ) .  For every s E S define 

`7(s) to be the finite subset of ,iT whose projections by u contain the point s. 

For every s C S there is a payoff matrix Q.~ of size xjej( .~)lAJI with entries in 

RY(S); for every choice of a E l-Ijey(s) AJ there are corresponding payoffs for all 

the players ill fl(S). For every s C S and every player d E i f(s)  let M.;. 1 > 1 be 

an upper bound on the absolute values of all payoffs to J in the matrix Q.~, and 

we assmne that  for every player J E `7 the sum ~-~e,( j )pg({s})M. { is finite. 

A strategy of a player J C `7 is a menfi)er of A(AJ) .  A Bayesian equilibrium 

for a locally finite game is a set of strategies ( f J  C A(AJ)I  J E `7), such that  

for every J C ,7 all moves in the support  of f J  deliver the same expected payoff 

for the player J and, furthermore, he cannot get a higher expected payoff by 

choosing a move in A J not in the support  of f J  (given that  the other players 

remain with ( fK C A(AK)] I (  ~ J ,  I£ C ,7)), with the expected payoff of a 

move calculated according to the distribution pJ  and the expected payoffs from 

tile matrices Q.~ at each of the states s C u(J). 

Every cell of an ergodic game will define a locally finite game in a natural  way. 

Every distinct support  set of a player in the cell (of an ergodic game) can be 

viewed as a distinct player of the corresponding locally finite game. The cell of 
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an ergodic game is countable in size because it is the countable union of finite 

support sets. The continuity of the payoff flmctions defined on the compact set 

f~ establishes a uniform bound for the payoffs. 

PROPOSITION 1: For every locally finite game there exists a Bayesian 
equilibrium. 

Proo~ Let the set S be enumerated by S = {81, 82, 8 3 , . . . } .  For every i = 1, 2 . . . .  

define the game Fi to be that played on the set Si := { s l , . . . ,  si} with the players 

3~ := {d E fll v(J) n S i ¢  ~} and the probability distributions p~ on Si (for the 

players in fli) induced by p~(B) := pJ(B) /pJ(Si )  for all B C_ Si- Since each Si 

and Si are finite, there exists a Nash equilibrium fi := ( f J  e A(AJ)] J E ~ )  to 

the game F~ for every i _> 1 [8]. Assigning any distribution to f J  when v(J)  has 

an empty intersection with S~, we have a sequence fi in the set 

: :  1 - I  • 
JC.7 

We give A the product topology. Due to Tychanov's Theorem, .4 is compact, and 

we can assume that there exists a convergent subsequence fi,, of the fi converging 

to f E ~4. Redefine the sequence (fi[ i = 1, 2 , . . . )  so that the new f ,  is the old 

fi,~ • 
We aim to show that f defines a Bayesian equilibrium of the original game. 

Fix an e > 0. We will show that f is an e-Bayesian equilibrium. 

For every i _> 1 let Ni be the finite cardinality of the set fl/, let B.i be the 

maximal size of A K for any Player K in Si, and for any Player d in J i  let M J 

be the maximal size of the M J , MJ~ . . . . .  M J . 

Let Player J E ,7 be given. Let. i0 be so large that ~ e S ,  o PJ({s})M; j > 
--e/5 + Y~se,(a)Pg({s}) M J" Let 6 be the smallest positive probability by which 

Player J chooses some move with the strategy fd .  Now choose an il > i0 so 

large that 1 _> 'i~ implies that. f~" E A(A k) is within min(e/(4MJBioNio),  6/2) 
of f I ,  for all the K E J i ,  including J. Given that all other players K ¢ J stay 

with their strategies fl,-, we need only show that all moves in support ( f  J) give 

to Player J within e of the maximum payoff obtainable from any of his moves. 

Due to the definition of 6 and the condition involving 6 that defines il we have 

that  support ( f  J) is contained in support ( f / )  for any I _> it. Because of the 

other condition defining il, namely that for all I >_ il and any other player K the 

strategy fl x" is within e/(4M~BioNio) of the limit strategies f 1 (  for any fixed 

move of Player J the payoff consequence to Player J conditioned on membership 
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in the set Sio if the other players choose f i )  does not differ by more than e/4 

from the same payoff consequence to Player J if the other players chose instead 

fK.  Therefore, the equilibrium property of the f [ (  (including N = J)  and the 

fact. that  the total payoff for Player J from states outside of Sio does not exceed 

~/5 suffice for our conclusion. | 

2.3 ~'IEASURABLE EQUILIBRIA. The following proof was explained to me by 

J.-F. Mertens. 

PROPOSITION 2: Any Harsanyi equilibrium of an ergodic game will generate a 
measurable Bayesian equilibrium of that game. 

Proof." For all j E N assmne that fJ: f~ -+ A(AJ) is a Harsanyi equilibrium, 

meaning also that. they are Borel measurable functions (measurable with respect. 

to the Borel fields ) c j  respectively). Let. p be the common prior probability 

distribution on ft. For all j E N, all moves a C A j, and all positive integers m 

define I.I~ (a, m) to be the subset of t~ such that Player j can obtain a payoff of at. 

least 1/m more by choosing the move a instead of the distribution determined by 

f J, as evaluated by the subjective probability distribution t j. Since all the fk are 

Borel measm'able and tJ is continuous in the weak* topology, the sets II.~ (a ,m) 

are also Borel. (Due to the continuity of t j, it. suffices to show for every fixed and 

bounded Borel measurable fimction f :  ft -~ R that 

,X(f~)l / f d ,  >_ l /m }  { ,  E 

is a Borel subset of A(f~). This follows by Luzin's Theorem. since we can ap- 

proximate f in measure by a sequenee of continuous flmctions.) Since the payoff 

evaluation of Player j is constant on all support sets of t j ,  the sets II~(a,  m) 

are also in .~J. If P(WoJ(a, m)) were positive fox' some j ,  a, and m, then the 

(fJl J E N) would not have been a Harsanyi equilibrium. We define W0 to be 

[.Jj.~,,~ ~-~ (a, m). Because this union is countable, the set I4,~ is also Borel of 

measure zero. Now for all 1 >_ 1 define inductively the sets 

:= {.x, e ftl > o) and := I,_J 
jcN 

We claim for all I and j that l~/j is ill .T'J, tl.~/is Borel, and it(14~l) = 0. We proceed 

by induction, assuming the claim for l - 1. That. 14~_1 is Borel implies that B) j 

is in 5 cj, and this implies that B.) = UjeN ~{'l j is Borel. Due to the formula 

#(I4%_1 N B) j) = fw? tJ(Y)(Wl-1)dlt(Y) and the fact, that  tJ(y)(I~_t) > 0 for 
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all y C Wl j ,  #(W1 j) > 0 would imply that  ~t(W/_l) ) #(Wl_ 1 A W j)  > 0, a 

contradiction. Therefore we can assume also that  #(Wl) = O. 

Define W := [-JL=0 I. We have two important  properties, that  W is Borel with 

p(W) = 0, and also from the structure of ergodic games that  W is the union of 

cells. We can alter our Harsanyi equilibrium. We keep the original functions on 

f~\W, and for all the cells in the set W we introduce any Bayesian equilibria 

obtained from Proposition 1. The result is a measurable Bayesian equilibrium 

that  we seek. 

3. Many Bayesian equilibria, none measurable 

Before presenting our example, we need the following lemma. 

LEMMA 0: Let ~ be a Polish space and let ¢ be a continuous measure preserving 

involution with respect to # C A(~) .  Define the Borel field 

G := { B ] B  C ft is Borel and x C B ~ ¢(x) C_ B}. 

Define a function t : ft --+ A(ft) by t (x) (B)  = 

0 if both x and ¢(x) are not in B, 

1 if  both x and ¢(x) are in B, and 

1/2 otherwise. 

t is continuous with respect to the weak* topology and the fimction t: ft -+ A(f t)  

is a regular conditional probability induced by tt and G. 

Proo~ That  t changes continuously in the weak* topology follows directly from 

the continuity of ¢. 

Next we must show for a fixed Borel set A and value r E [0, 1] that  the set 

{z I t(z)(A) > r} is in ~. We consider two cases: r < 1/2 and r > 1/2. I f r  < 1/2 

then the above set is AU¢(A),  which is in ~ because ¢ is a continuous involution. 

If r >__ 1/2 then the above set is A C? ¢(A), which is in G for the same reasons. 

Second, we will show for every B C 6 and Borel set A that  p (B  N A) = 

fB t(z)(A)dtt(z).  Let B be any member of G and z any member  of B. 

Let B0 be the subset of the z where ¢(z) = z, B1 the subset where either z or 

¢(z) is in A but not both, B2 the subset where z ¢ ¢(z) and both z and qS(z) 

are in A, and B3 the subset where z ¢ ¢(z) and neither z nor ¢(z) is in A. 

Since all sets are Borel, we can write fB t(z)(A)dp(z) as fBo t(z)(A)dtt(z) + 

fB1 t(z)(A)dp(z)  + fB2 t(z)(d)dp(z)  + fBa t(z)(d)dp(z) .  
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CASE 0: Since t(z) is the function 1A in Bo, fBo t(z)(A)dp(z) = p(A N Bo). 

CASE 1: Notice that  z E B1 if and only if ¢(z) E B1. Since t(z)(A) + 
t(O(z))(A) = 1/2 + 1/2 = 1 for all z E /~1, ful(t(z)(A) + t(O(z))(A))d#(z) 
is equal to fB1 dp(z) = p(B1), but also to 2fB 1 t(z)(A)dp(z) from the mea- 

sure preserving property of O and the fact that  t(z)(A) is a constant 1/2 for all 

z E B1. Again from the measure preserving property we have that  #(A C/B1) = 

tt(C(ANB1)). But ¢(AC~B1) is exactly BI \A ,  and therefore 2# (AnB1)  = #(B1) 

and fB1 t(z)(A)dp(z) = g(A n B1), as desired. 

CASE 2: t(z)(A) = t(C(z))(A) = 1 for all z E B2 and therefore fB2 t(z)(A)dp(z) 
= f . 2  =  (B2) = . ( . 4  n B2) .  

CASE 3: If  neither z E A nor ¢(z) E A then t(z)(A) = t(¢(z))(A) = 0 and 

therefore 0 = fB~ t(z)(A)dp(z) =/ t (d  C) B3). 1 

3.1 THE EXAMPLE. Let a and b be two distinct states of nature. Define f~ 

to be {a, b} z, where Z is the set of integers, including both the positive and the 

negative. The 0-coordinate of a point in f~ determines the state of nature, so that  

if y E [1 and y0 = a then a is the state of nature at the point y. We define # to be 

the canonical Bernoulli distribution on ~, giving equal probability independently 

to a and b in all coordinate positions. 

There will be three players, Players One, Two, and Three. Let a: f~ ~ f~ be 

the measure preserving involution defined by (a(y)) i := y - i  where x i is the ith 

coordinate of x E f~; cr is the reflection of the doubly infinite sequence about the 

position zero. Let 7: f~ ~ ~2 be the measure preserving involution defined by 

(r(y))i  := yl-i.  It  follows that  T := r o a is the usual Bernoulli shift operator 

(T(y))~ = y i-1. Define t ~ and t 2 according to Lemma 0: this means that  at any 

point y E f t  Player One considers only g and a(y) to be possible, and with equal 

probability (if a(x) = x then Player One believes in x with flfll probability). 

At any x, both  Player Two and Player Three believe that  only x and r(x)  are 

possible, and with equal probability. The cells will be the orbits of the involutions 

~r and r.  Players Two and Three have the same beliefs. Player One always knows 

the state of nature, a or b, but not always what the other players might know. 

Such a game is called a game of incomplete information on one and a half sides 
[13], though this term was invented with reference to infinitely repeated zero-sum 

games. 

Now we define the moves and payoffs. Each player has two moves, L and R, 
standing for left and right. The game is a variation of the well known game of 

matching pennies, with Player One playing against both  Player Two and Player 
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Three. Players Two and Three want to match the pennies, Player One wants to 

have a mismatch. The differences to the conventional game of matching pennies 

have two aspects. First, Player Two has a special relationship to the move L, her 

favorite move, and likewise Player Three has a special relationship to her favorite 

move R. Second, if both Players Two and Three choose their favorite moves, 

then the payoff to Player One is dependent on the state of nature. 

By playing L, Player One at x E ~t receives 

- 1  if Player Two and Player Three both choose L, 

1 if Players Two and Three both choose R, 

0 if Player Two chooses R and Player Three chooses L, and 

5a(x °) if Player Two chooses L and Player Three chooses R. 

5 stands for the Kroniker delta, which means that ~a = 1 if the state of nature is 

a and 5~ = 0 if the state of nature is b. 

By playing R, Player One at J" E ft receives 

1 if Player Two and Player Three both choose L, 

- 1  if Player Two and Three both choose R, 

0 if Player Two chooses R and Player Three chooses L, and 

(~b(X °) if Player Two chooses L and Player Three chooses R. 

By playing L, Player Two receives (independently of the state of nature) 

2 if Player One and Player Three choose L, 

1 if Player One chooses L and Player Three chooses R, 

- 1  if Player One chooses R. 

By playing R, Player Two receives 

- 1  if Player One chooses L, and 

1 if Player One chooses R. 

By playing L, Player Three receives 

1 if Player One chooses L, and 

- 1  if Player One chooses R. 
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By playing R, Player Three receives 

- 1  if Player One chooses L, 

1 if Player One chooses R and Player Two chooses L, and 

2 if Player One and Player Two choose R. 

For all Players i = 1, 2, 3 let i f :  ft -+ [0, 1] be the behavior strategy for Player 

i, with fi(x) representing the probability at x E f t  that Player i chooses the move 

L. The only a-priori requirement placed on the behavior strategies (ff] i = 1,2, 3) 

is that for all x Ef t ,  f l ( x )  = ft(~r(x)) and fJ(x) = fJ(r(x)) for either j = 2, 3. 

Given any Player j E {1,2,3} and two functions (f~li ¢ j) for the other two 

players, one can calculate the expected payoff to Player j at every x E f t  for 

choosing L and for choosing R: for Player One one must average the expected 

payoffs of the moves with respect to (fi(x)]i # 1) and (ff(a(x))]i ¢; 1), and for 

Players Two and Three one nmst do the same with respect to (f~(z)l i # j )  and 

(fi(r(J'))li ¢ j) for j = 2,3. The three functions ( f i l l  = 1,2,3) are a Bayesian 

equilibrium for the game if and only if at every appropriate pair of points for every 

j if Player j chooses the move D E {L, R} with positive probability according to 

f) then the other move E E {L, R}, E # D must deliver to Player j no higher 

an expected payoff than does the move D. 

Define a pair of strategies ( f 2  f3) E [0, 1] 2 for Players Two and Three to be a 

b a l a n c e d  pair if and only if 

f 2 = l a n d f 3 < l  or 

f 3 = 0 a n d f 2  > 0 .  

The balanced pairs are those for which at least one of the two players chooses 

her favorite move with certainty mid the other player is not choosing the same 

move with certainty. 

The two pairs of strategies ( f 2  f3) E [0,1] 2 such that  f2 = f3 = 0 or f2 = 
f3 = 1 will be called the c o o r d i n a t e d  pairs. A strategy f l  E [0, 1] of Player 

One that takes on the value of 0 or 1 will be called a p u r e  strategy. A strategy 

of Player One in [0, 1] that is not pure will be called mixed .  

LEMMA 1: In any Bayesian equilibrium behavior Players Two and Three are 

using only pairs that are balanced or coordinated. 

Proof: Suppose for the sake of contradiction that f2(x) < 1 and fa(x)  > 0. If 

f l (x)  + f l ( r ( x ) )  _> 1 then Player Two would prefer to choose L (f2 = 1) at the 
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pair x and T(x), and if f l ( x )  d- fl(7(x)) _~ 1 then Player Three would prefer to 
choose R (f3 = 0) at the pair x and T(x). | 

Although the strategies available a-priori to Players Two and Three are two- 

dimensional, in Bayesian equilibrium only a one-dimensional subset will be used. 

This will allow us to perceive the game much like a two-by-two game played 

between two players. Notice that  if both Players Two and Three choose their 

favorite moves with certainty in a Bayesian equilibrium then it is impossible for 

either player to prefer her favorite move over the other move (since otherwise 

the other player would also prefer her non-favorite move). For this reason we 

perceive the pair (f2 = 1, f3 = 0) as balanced, although strictly speaking both 

players are choosing pure strategies. 

3.2 STRATEGY OF THE PROOF. We suppose for the sake of contradiction that  

the three functions f / :  ~ -+ [0, 1] for i = 1, 2, 3 are measurable behavior strategies 

in Bayesian equilibrium. We will show that  this leads to a contradiction. Prom 

Proposition 1 there would exist non-measurable Bayesian equilibria. 

Our strategy is the following. We will divide ft into two parts. The first 

part  will be the set of x E ft where Player One is using a mixed strategy and 

Players Two and Three are using a balanced strategy; the second part  will be its 

complement. The measurability assmnption will imply that  both parts of ft are 

of measure zero. 

From ergodic theory, we will need a few well known results. 

First, we need the Birkhoff Ergodic Theorem. If a transformation T on a prob- 

ability space f~ is measure preserving and f is an integrable function on ft then 
1 ~"~n-- 1 the Birkhoff Ergodic Theorem states that  limn~oe n z-,i=0 f(Ti(x)) converges 

almost everywhere to an integrable function f* such that  the integral of f* over 

f~ is equal to that  of f ([14], Theorem 1.14). 

Second, we need the property called e rgod ic .  A measure preserving trans- 

formation T of a probability space with a probability measure it is ergodic if 

the only measurable sets B with the property T-I (B)  = B satisfy It(B) = 0 

or It(B) = 1. A measure preserving transformation is ergodic if and only if the 

only measurable sets B with #(T- I (B)AB)  = 0 are those with #(B) = 0 or 

#(B) = 1 ([14], Theorem 1.5), where here A stands for the symmetric difference. 

A measure preserving transformation T is m i x i n g  if for every pair A and B of 

measurable sets l i m , _ ~  #(A A T-n(B)) = #(A)p(B). The Bernoulli shift T of 

our probability space is mixing and mixing is a stronger property than ergodic- 

ity ([1], pages 11-12), therefore T n is both mixing and ergodic for all non-zero 

integers n. We will use that  T 2 is ergodic. The ergodicity of T demonstrates 
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tha t  our example satisfies Condit ion (8) for being an ergodic game - -  any Borel 

set B such tha t  x E B ~=~ a(x)  E B and x E B ¢* v(x) E B will also satisfy 

x C B ¢:~ T(x)  E B. 

The cells par t i t ion the space ft. Because the a and r are measure preserving, 

the smallest union of cells containing any measure zero subset of ~ is also of 

measure zero. Notice tha t  for almost  all points x C ~ the points Tk(x) and 

T k o r (x)  for all k E Z are distinct and comprise the cell containing x. Define 

such points and their cells to be d o u b l y  inf in i te .  

For any finite k _> 1 any measurably  defined behavior tha t  occurs at most  k 

times in any doubly infinite cell nmst  occur only in a set of measure zero, since 

otherwise the distinctness of  the points Tk(x)  and T k o r(x) for Mmost all x E 

would imply tha t  the space f~ has infinite measure. 

Define a point  x c ~ to be n o r m a l  if and only if Player One uses a mixed 

s t ra tegy at x and Players Two and Three use a balanced s t ra tegy at x. Define a 

cell to be normal  if and only if it contains at least one normal  point. The other 

cells will be called a b n o r m a l .  

3.3 NORMAL CELLS. We define a homeomorphism between the balanced pairs 

and the real numbers. Define k: (0, 1] --+ No = {0, 1, 2 . . . .  } and s: (0, 1] ~ [0, 1] 

by r = 3-k(r)(1 - 2s(r)/3) for k(r) being the last number  such tha t  3 -k(~) >_ r. 

Define W to be the set of balanced pairs, W :=  {(f2.  fa)l  f2  = 1 or f3  = 

0}\{(0,  0), (1, 1)}. Define the honleomorphism ¢: W --+ R by 

¢(1,0)  :=  0, 

<b(1, t) :=  k(1 - t) + s(1 - t), and 

¢(t,  0 ) : =  - s ( t )  - k(t). 

LEMMA 2: If  X is doubly infinite, f l ( x )  is nfixed and the strategy pair 

(f2(x), f3(x))  is balanced, then there is one and only one value for f l ( r x )  that 

preserves the Bayesian equilibrium property for Players Two and Three and there 

is one and only one balanced pair ( f2(a(x) ), f a ( a (x ) ) )  that preserves the Bayesian 

equilibrium property for Player One, namely  f t (T(X)) = 1 -- f 1 (X) and 

(f2(~(x)),  fa (~(x) ) )  = ¢-l(_15b(x°)  _ ¢ ( f2 (x) ,  f3(x))) .  

Proof." By symmet ry  we assume tha t  fS(x)  = 1. The condition tha t  f l (T(X))  = 

1 - - f l ( x )  follows by the indifference of Player Three (and for bo th  players in the 

case tha t  f3(x)  = 0, as discussed above). 

Again, assuming f2 (x)  = 1, we must  divide the a rgmnent  into three cases. 

Case A is tha t  of 0 < f a (x )  < 2/3 and x ° = a, Case B is tha t  of x ° = b, and Case 
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C is t ha t  of 2/3 <_ f a (x )  < 1 and x ° = a. By L e m m a  1 we need only consider 

the balanced pairs and the coordinated pairs. Notice tha t  increasing values for ¢ 

in bo th  cases of x ° = a and x ° = b imply an increasing preference by Player  One 

for the move R, so tha t  if we find one balanced pair  tha t  delivers indifference 

to Player  One then we have found the only such balanced pair, and fur thermore  

nei ther  coordinated pair  could deliver such an indifference. 

CASE A: Consider the s t ra tegy  pair  g2 = 1 and ga = 2 / 3 -  f a (x ) ,  which satisfy 

¢ ( f2 (x ) ,  f a (x ) )  q_ 0(g2 ga) = 1. If  Player  One chooses L, he can expect  a payoff 

of l ( - f 3 ( x ) + l - f 3 ( x ) - g 3 + l - g 3 )  = 1/3. By  p l a y i n g R  he can expect  a 

payoff of l ( f 3 ( x )  + g3) = 1/3. 

CASE B: Consider the s t ra tegy pair  g3 = 0 and g2 = (1 - f3 (x) ) /3 ,  which 

satisfy O(f2(x),  f3(x) )  + 0(g2 g3) = - 1 .  If  Player  One chooses L, he can expect  

1 13 x) a payoff of ~ ( -  ( + 1 - g2) = (1 - fa (x) ) /3 .  If  Player  One chooses R, he can 
1 f3 x) e x p e c t a p a y o f f o f ~ (  ( + l - f a ( x ) - ( 1 - g 2 ) + g 2 ) = ( 1 - f a ( x ) ) / 3 .  

CASE C: Consider the s t ra tegy  pair  g3 = 0 and g2 = 3 ( 1 - f a ( x ) ) ,  which satisfy 

¢ ( f2 (x ) ,  f a (x ) )  + ¢(g2, g3) = 1. If  Player  One chooses L, he can expect  a payoff 

of ½ ( - f a ( x )  + 1 - f3 (x )  + g 2  + 1 - g2) = 1 - 13(x).  By  playing R he can expect  

a payoff of ½( f3( / )  _ (1 - g2)) = 1 - f3(x) .  | 

LEMMA 3: The measure of the union of all normal ceils must be zero or one. 

Proo f  By L e m m a  2 a doubly infinite cell is normal  (contains a normal  point)  

if and only if all the points  in the cell are normal .  This  means  tha t  the set of 

normal  points  is a T-invarient  set, and therefore by the ergodicity of T they must  

be of measure  zero or one. | 

LEMMA 4: Let f:  ~ -+ R be a function with f ( T x )  + f ( x )  = -15b(x°) for almost 

all x E 12. C o n c l u s i o n :  The function f cannot be measurable. 

Proof: Suppose for the sake of contradict ion tha t  the function f is measurable .  

This would imply  tha t  there exists an M > 0 such tha t  the probabi l i ty  tha t  f is 

in [ - M  + 2, M - 2] is a t  least 9/10. 

Now consider the function gM: t~ -+ [0, 1] defined by 

gM(x) := l im 1 n+oo + I t{kl 0 < k < qf(Tkx)l >_ M}(. 
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Now consider  the  t r ans fo rma t ion  T 2. The  ac t ion  of T 2 is t ha t  of a r a n d o m  walk,  

wi th  

f ( T 2 x )  - f ( x )  = 2 if x ° = b and .r -1  = a, 

f (T 2x )  - f ( x )  = - 2  if x ° = a and  x -1 = b, and  

f(T2:r) = f ( x )  if bo th  x ° and  9:-1 have the same value. 

Therefore,  for ahnos t  all  z there  is a k E Z with  f (Tk.r)  > M + 1, which means  

t h a t  the expec ted  value of gM is a t  least  1/2. But  by the  Birkhoff  Ergodic  

Theorem,  the  expec ted  value of gM mus t  equal  the  p robab i l i ty  in ft t ha t  the  

funct ion f exceeds the value of M ,  a cont radic t ion .  | 

PROPOSITION 3: The union of  all normal cells is of  measure  zero. 

Proof." By L e m m a  2 the funct ion O(f2(:r), f a ( x ) )  obeys  the  p r o p e r t y  of L e m m a  

4. Siuce we must  assume tha t  this  funct ion is measurable ,  by L e m m a  4 it cannot  

be defined on a subset  of measure  one. By L e m m a  3 this  implies  t ha t  the  union 

of no rma l  cells has zero measure .  | 

3.4 ABNORMAL CELLS. We proceed wi th  the  assumpt ion ,  just if ied by 

P ropos i t ion  3, t ha t  the  union of all a b n o r m a l  cells has measure  one. 

Define .r C ft to be a p u r e  poin t  if and  only if i f ( x )  C {0, 1} for all i = 1, 2, 3 

wi th  f2(:r)  = f a ( x )  (meaning  tha t  P layer  One uses a pure  s t r a t egy  at  x and 

Players  Two and Three  use a coord ina ted  pair) .  Define the  w i n d  d i rec t ion  from 

a doub ly  infinite pure  poin t  x to be the  d i rec t ion  on the cell of the  y ad jacent  to 

.r (equal to e i ther  cr(.r) or T(x)) such t ha t  g = ~(x)  if all three  of the  i f ( x )  have 

the same value in {0, 1}, and  otherwise g = r(.T) if P layer  One chooses a different 

move from tha t  chosen by Players  Two and Three.  Define the  l ee  d i rec t ion  from 

a doubly  infinite pure  poin t  to be the  d i rec t ion  oppos i te  to the  wind direct ion.  

Define a pure  poin t  z to be a b o o k  e n d  if add i t iona l ly  e i ther  P layer  One at  x 

has a clear preference for his chosen move or the  p layer  among Players  Two or 

Three  who is not  choosing her favori te move has a clear preference for her chosen 

and  non-favori te  move. 

LEMMA 5: 

( I )  The behavior of all players on the wind side of a doubly infinite pure  point 

is determined: all of  the points on the wind side of a doubly infinite pure  point 

are  also pure,  alternating in values, and none are  book ends. 

(2) There can be at most two book ends in any  doubly infinite abnormal cell. 
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(3) /if there are no book ends in a doubly infinite abnormal cell, then 

either Player One or Players Two and Three are performing alternating 

behavior, meaning that choosing any point x in the cell we have that either 

the value f l (T~(x ) )  E {0, 1} is determined by the pariLv of n or the value 

f2(Tn(x))  = f3(Tn(x))  C {0, 1} is determined by the parity ofn .  

Proof: (1) By symmetry,  we can assume that  Players Two and Three choose 

the move L at x. We consider two cases, (A) that  Player One chooses L and (B) 

that  Player One chooses R. In Case (A) the point a(x) (and the transformation 

T) defines the wind direction. If  Players Two and Three did not both  choose R 

at a(x), then it would have been in the interest of Player One to choose R at 

x. In Case (B) the point T(X) (and T -1) defines the wind direction. If Player 

One did not choose L at the point v(x) then it would have been in the interest 

of Player Three to choose R at x. The rest follows by induction. 

(2) For the sake of contradiction, let us assume that  there are at least three 

book ends x in a doubly infinite cell. One of these three book ends must be 

between the other two. By Part  1, in one of the two directions from this middle 

book end there are no book ends, a contradiction. 

(3) We consider three cases, (A) that  there are no pure points in the cell and 

that  Player One chooses a pure strategy at x, (B) that  there are no pure points 

in the cell and Players Two and Three choose a coordinated pair at x, and (C) 

x is a pure point in the cell. 

CASE (A): If Player One is choosing L at x, then the lack of a pure point 

implies that  Players Two and Three are choosing balanced strategies at both x 

and (r(x). To maintain the indifference of these balanced choices by at least one 

of either Players Two or Three, Player One must choose R at Tx  and T - i x .  The 

rest follows by induction. 

CASE (B): If Players Two and Three are both choosing L at x, then the lack 

of a pure point implies that  Player One is choosing mixed strategies at both x 

and T(X). To maintain the indifference of Player One, Players Two and Three 

are both choosing R at both Tx  and T - i x .  The rest follows by induction. 

CASE (C): Assume that  x is a pure point, that  Players Two and Three are 

choosing L at x, and Player One is choosing either L or R at x. If Player One is 

choosing L at x, then the lack of a book end implies that  Player One is choosing 

R at T-~(x) ,  in the lee direction of x. If  Player One is choicing R at x, then the 

lack of a book end implies that  Players Two and Three are both choosing R at 
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T(x) ,  in the lee direction of x. By induction and Par t  (1) we conclude that  the 

whole cell consists of alternating behavior by all three players. | 

PROPOSITION 4: The union of all the abnormal cells is a measure zero set. 

Proof: Due to Part  (2) of Lemma 5, the measure of the set of all doubly infinite 

book ends is zero, and therefore also of all the cells containing a book end. We 

proceed with the assumption (also supported by Proposition 3) that  almost all 

of ft is contained in cells without any book ends. 

Let us define A to be the set of all points where Player One chooses the pure 

strategy L, and B the set where Player One chooses the pure strategy R. By 

assumption both A and B are measurable sets and by Lemma 5, T(A)  = B and 

T(B)  = A (modulo sets of measure zero). By the ergodicity of T 2 we must have 

that  p(A) = 0 or p(A) = 1. Since A and B are sets of the same measure, we 

must conclude that  both are of measure zero. We proceed the same way with 

the sets where Players Two and Three both choose either L or R. By Lemma 5 

we have exhausted the abnormal cells. | 

THEOREM 1: ( f l  f 2  f3),  an arbitrary Bayesian equilibrimn, could not have 

consisted of  measurable functions (and therefore there could not h~ve been a 

Harsanyi equilibrium by Proposition 2). 

Proog" The result follows directly fi'om Propositions 3 and 4. | 
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